NON SEPARABLE REFLEXIVE SPACES ADMITTING i 
AS A UNIQUE SPREADING MODEL 
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Abstract. Examples of non separable reflexive Banach spaces XjNq , 
admitting only l\ as a spreading model, are presented. The definition 
of the spaces is based on a-large, a < uj\ compact families of finite 
subsets of the continuum. We show the existence of such families and we 
study their properties. Moreover, based on those families we construct 
a reflexive space XjNq , a < with density the continuum, such that 
every bounded non norm convergent sequence {xk)k has a subsequence 
generating as a spreading model. 

Introduction 

One of the most significant examples of Banach spaces is Tsirelson space 
(see [7], [l3]), presented in the seventies. The main property of this space, 
is that it fails to contain a copy of cq or £p, answering in the negative a 
problem posed by Banach. It is still an open problem whether there exist 
Tsirelson type spaces in the non-separable setting. A version of this problem 
has recently been solved in the negative direction in |10) , namely it is shown 
that spaces spanned by an uncountable basic sequence such that their norm 
satisfies an implicit formula, similar to the one of Tsirelson space (see |7]), 
always contains a copy of cq or Ip. To be more precise, if k is an uncountable 
ordinal number, ;B is a hereditary and compact family of finite subsets of k 
and < < 1, and || • le^g is the unique norm defined on Coq{k) satisfying 
the following implicit formula 



I'^l|s,i3 — Ill^-X I ||x||oo, 

Eix\\e^B ■ {Ei}f^i is B - admissible}} 

j=i 

then the completion of (coo(k), || • Wo^b) contains a copy of cq or ip. 

As it seems not possible to have a non separable space, that strongly 
resembles Tsirelson space, a natural question is which properties of this space 
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can be transferred to the non separable setting. Besides being reflexive, one 
of the main properties of Tsirelson space, is that it admits only £i as a 
spreading model, i.e. every bounded sequence without a norm convergent 
subsequence has a subsequence that generates a spreading model equivalent 
to the usual basis of ii. The main goal of this paper is the construction 
of a non separable reflexive Banach space ^2**0 5 with the aforementioned 
property. 

Theorem. There exists a reflexive Banach space ^£2^0 with an unconditional 
basic sequence {e^}^^2^o, admitting only £1 as a spreading model. 

The construction of this space is based on the notion of a-large families, 

which is defined as follows. If A is an infinite set, is a hereditary and 
compact family of finite subsets of A and a is a countable ordinal number, 
we say that B is a-large, if its restriction on every infinite subset of A, 
in a certain sense, contains a copy of Sa, the Schreier family of order a. 
Equivalently, if its restriction on every infinite subset of A, has Cantor- 
Bendixson index, greater than or equal to a;" + 1. We prove the existence 
of such families on the cardinal number 2^°, by constructing for a < uji, 
Qa an a-large, hereditary and compact family of finite subsets of {0, 1}^. 
We believe that these families are of independent interest, as they retain 
some of the most important properties of the families Sa-,OL < u\. They are 
therefore a generalization of the Schreier families, defined on the continuum 
and a study of them is included in the paper. 

In the first section of the paper, we define the notion of a-large families 
of finite subsets of an infinite set and a brief study of them is given. 

The second section is devoted to the construction of the families {Qa\a<wx- 
Initially, using the Schreier family 5*1 and diagonalization, we recursively de- 
fine some auxiliary famihes ^a^oi < u\, which are subsets of [{0, l}^]<'*' x 
{0, l}'^. The construction method used, imposes strong Schreier like prop- 
erties on the families which are in fact the projection of ^f^, on the 
component [{0, Next, properties of these families, which are crucial 
for the proof of the main result are included, among others, the fact that for 
a < (jji, Qa \s an a-large, compact and hereditary family of finite subsets of 
{0, 1}^. Some additional results concerning the similarity of the Qa to the 
Sa, a < u\ are proven. 

The third section is concentrated on the construction of the space . 
The first step is the definition of a sequence of spaces || • ||n)}n5 each one 

based on the family Q^.. The norm of these spaces is defined on coo(2^°) and 
they all have the unit vector basis {e^}^<2^o ^ ^■^ unconditional Schauder 
basis. For n e N, the main two properties of the space X„ are the following. 
Firstly, every subsequence of the basis admits only li as a spreading model 
and secondly the space is cq saturated. Next, using the spaces n e N 
and Tsirelson space T, a norm is defined on coo(2^°), in the following manner. 
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For X e coo(2^o), set 



The completion of coo(2^°) with this norm is the desired space Xg^o , which 
has the unit vector basis {e^}^^2*^o ^ unconditional Schauder basis. The 
proof of the fact that this space admits only li as a spreading model, relies 
on the study of the behavior of the || • ||„ norms on a normalized weakly 
null sequence {xk}k in ^2^0- Moreover, using the fact that the spaces Xn 
are cq saturated, we prove that every subspace of 3C2i^o contains a copy of a 
subspace of T, which yields that the space is reflexive. 

The fourth and final section concerns the construction, for a < uJi, of 
reflexive spaces ^2^0 having an unconditional Schauder basis with size 2^", 
admitting if as a unique spreading model. The construction method used 
is a variation of the one used for the space Xg^o • 



We introduce a notion concerning the complexity of a family B of finite 
subsets of a given infinite set A. This notion uses the transfinite hierarchy 
of the Schreier families {Sa}a<u}i, first introduced in [1]. 

Definition 1.1. Let A be an infinite set and B a family of finite subsets of 
A. 

(i) We say that B is large, if for every k e N, and B infinite subset of 
A, we have that [B]'' nB ¥= 0. 

(ii) Given a countable ordinal number a, we say that B is a-large, if for 
every B infinite subset of A, there exists a one to one map (p : 'N ^ B, 
such that (j){F) e B, for every F e Sa- 

Remark 1.2. Using Ramsey theorem and a simple diagonalization argu- 
ment, it is easy to see that B is large, if and only if it is 1-large. 

Notation. Let A be a set, B he a family of subsets of A and B he a subset 
of A. We define 



If is a family of subsets of the natural numbers, L is an infinite subset 
of N and </> : N ^ L is the uniquely defined, order preserving bijection, we 



The following lemma is an easy consequence of Theorem 1 from [8] 

Lemma 1.3. Let J-, Q he hereditary and compact families of finite subsets 
of the natural numbers, such that for every L infinite subset of the natural 
numbers, the Cantor-Bendixson index of t -^^i is strictly smaller than the 
Cantor-Bendixson index of ^ \ L. Then for every M infinite subset of the 
natural numbers, there exists L a further infinite subset of M, such that 




n=l 



1. a-LARGE FAMILIES 



B\B = {FeB: F c B} 



define 



T[L] = {<p{F) : FeF} 



F \ L^g \L. 
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Proposition 1.4. Let A be an infinite set, B he a hereditary and compact 
family of finite subsets of A and a be a countable ordinal number. Then, 
the following assertions are equivalent. 

(i) B is a-large. 

(ii) For every B infinite subset of A, the Cantor-Bendixson index of 
B \ B is greater than or equal to + 1. 

Proof. Given that (i) holds, (ii) is an immediate consequence of the fact that 
the Candor-Bendixson index of Sa is equal to + 1 for every countable 
ordinal number a. 

For the converse, we may clearly assume that S is a hereditary and com- 
pact family of finite subsets of the natural numbers. For a given countable 
ordinal a, if (ii) holds, we shall prove the following statement. 

For every M infinite subset of the natural numbers, there exists L an 
infinite subset of M, such that 5q,[L] i= B. 

The desired result evidently follows from the above. To prove this state- 
ment, we distinguish three cases. 

Case 1: a = 1. Assume that for every M infinite subset of the natural 
numbers, the Cantor-Bendixson index oi B I" M is infinite. This means that 
every such M contains as subsets elements of B, of unbounded cardinality. 
Since B is hereditary, we conclude that it is large and therefore it also is 
1-large. 

Case 2: a is a limit ordinal number. Then there is 1/3^}^ a strictly increasing 
sequence of ordinal numbers with sup^ /3fc = a, such that Sa = ^k{F £ '■ 
minF ^ k}. 

Using Lemma [1.31 choose Li 3 • • • 3 3 • • • infinite subsets of M, such 
that \ L/. <^ B, for all k. 

Choose L = {ii < ■ ■ ■ < if^ < ■ ■ ■ } an infinite subsets of M, with Im ^ Li^, 
for every m ^ k. It is not hard to check that iSa[i] c B. 
Case 3: a is a successor ordinal number. If a = (3 + 1, then the following 
holds. 

For every M infinite subset of the naturals and n e N, there exists L a 
further infinite subset of M, such that {Sp * An) \ L <^ B, where 

Si3*An = : FiE Sfs, i = 1,... ,n} 

The above statement follows form Lemma 11.31 and the fact that the 
Cantor-Bendixson index of 5^ * An is not greater than w'^n + n < w". 

Therefore, given M an infinite subset of the natural numbers, we may 
choose Li 3 • • • 3 L„ 3 . . . infinite subsets of M such that (5^ * An) \ Ln 
B. 

Choose L = {^1 <•••<£„<•••} an infinite subsets of M, with irn ^ Ln, 
for every m ^ n. Once more, it is not hard to check that 5q[L] c: S. □ 
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2. A TRANSFINITE SEQUENCE OF COMPACT AND HEREDITARY FAMILIES 
OF FINITE SUBSETS OF {0, 1}^ 

We shall recursively define a transfinite sequence {^a}a<bJi of subsets of 
[{0,lf]<-x{0,lf. 

Notation. For a = {a{i)}f^^ and r = {T{i)}f^-^ in {0, 1}^, we define a a r 

and |(J A r| as follows. 

(i) u A T = a and |cr a r| = go, if a = r. 

(ii) a AT = and \a a t\ = 0, if a{i) t(1). 

(iii) a A T = {o{i))\^Y ^"^d |(T a r| =£, if cr ^ = ''"(1) and 
£ = mm{i e N : a-(i + 1) ^ r(i + 1)} 

For s = {s{i)}'^^i and t = {t{i)}^^i finite sequences of O's and I's, we say 
that s is an initial segment of t and write s ^ t, ii k ^ i and s{i) = t{i) for 

i = 1, . . . ,k. We say that s is a proper initial segment of t and write s ^ t, 

ii s ^ t and s t. 

Definition 2.1. We define to be all pairs {F,a), where F = {Ti}f^^ e 
[{0, 1}^]<'^, d e N and (7 e {0, l}'^, such that the following are satisfied. 

(i) (7 7^ Tj for i = 1, . . . , d 

(ii) (7 a Ti 7^ and if d > 1, then aATi^aAT2^---^aATd 

(iii) d ^ \a A Ti\ 

Define min(F, a) = \a a ti\ and rnax(F, a) = \a a Tdl- 

Assume that a is a countable ordinal number, have been defined for 
(3 < a and that for {F,a) e min(F, cr) and ina3c(F, cr) have also been 
defined. 

Definition 2.2. Let (3 < a, {Fi, o-i)f=i, c? e N be a finite sequence of elements 
of and a e {0,1}^. 

We say that {Fi,ai)f^i is a skipped branching of a in WjS, if the following 
are satisfied. 

(i) The Fi,i = 1, . . . ,d are pairwise disjoint 

(ii) cr 7^ fjj for i = 1, d 

(iii) a A ai and if d > 1, then crAa"i£(jA(j2E---Eo'A(Jd 

(iv) \a A (7j| < min(Fj, (jj) for i = 1, . . . , d 

(v) d ^ \a A ai\ 

Definition 2.3. Let /3 < a, a e {0,1}^ and {Fi,a)f^i, d e N be a finite 

sequence of elements of . 

We say that {Fi,a)f^^ is an attached branching of a in'^p if the following 
are satisfied. 

(i) The Fi,i = 1, . . . ,d are pairwise disjoint 

(ii) If d > 1, then rna3c(Fj, a) < min(Fj+i, cr), for z = 1, . . . , d — 1 

(iii) d ^ min(Fi, (t) 
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We are now ready to define S^q,, distinguishing two cases. 

Definition 2.4. If a is a successor ordinal number with a = /3 + 1, we define 
to be all pairs {F,a), where F e [{0, l}t^]<^ and a e {0, 1}^, such that 
one of the following is satisfied. 

(i) {F,a)e'^(,. 

(ii) There is {Fi,ai)f^^ a skipped branching of a in '^p such that F = 

In this case we say that {F, a) is skipped. Moreover set min(F, a) = 
\a A (Til and niax(F, cr) = \a a cr^l. 

(iii) There is {Fi,a)f^i an attached branching of a in such that F = 

In this case we say that {F, a) is attached. Moreover set min(i^, a) = 
mm{Fi, a) and mak{F,a) = niax(Frf,(T). 

If a is a limit ordinal number, fix a strictly increasing sequence of 

non limit ordinal numbers with sup^ /3„ = a. We define 

00 

^a=[j {{F,a) e ^fi^ : ^n{F,a) > n} 

ra=l 

Remark 2.5. If a is a limit ordinal number, the sequence {/3n}n may chosen 
in such a manner that both 

00 

^a=[j {{F,a) e : ^n{F,a) ^ n} 

n=l 

and 

00 

Sa=[j {FeSp^ : mmF^n} 

n=l 

From now on, we shall assume that this is the case. 

Remark 2.6. Translating Definitions 12. H [2?2l 12.31 and 12.41 one obtains the 
following. 

(i) If (F, (j) e ^1, then #F ^ ^{F, a). 

(ii) If {F,a) e "^p+i and {Fi,ai)f^i is a skipped branching of a in ^^/j 
such that F = uf^^-Fj, then we have that d ^ min(F, cr). 

(iii) If {F,a) e and {Fi,a)f^i is an attached branching of a in 
such that F = uf^-^Fi, then we have that d ^ min(F, a). 

Lemma 2.7. Let a,a',T e {0, 1}^, not all equal. The following are equiva- 
lent. 

(i) a A T ^ a A a' 

(ii) a A T = a' A T. 
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Proof. Assume that (i) holds. We have that r(j) = a{j) = o''{j), for j = 
1, . . . , |cr A t|. Whereas, for j = \a at\ + 1, we have that r(j) 7^ a{j) = (T'{j). 
Therefore, |o"' a r| = |(T a r|, which means that a a t = a' a t. 

The inverse is proved similarly. □ 

Lemma 2.8. Let a be a countable ordinal number and {F,a) e Then 
there exist t^^tm in F such that the following are satisfied. 

(i) min(F, o") = \a a Tm\ and nmk{F,a) = |cr a tm\ 

(ii) For T e -F we have that a a Tm ^ cr a t ^ a a tm 

Moreover, if a is a successor ordinal number with a = /3 + 1 the following 
hold. 

(iii) If {F,a) is skipped and {Fi,ai)f^i is a skipped branching of a in 
such that F = vjf^^Fi, then for i = 1, . . . ,d and r e Fi, we have that 
a A ai = a A T. 

(iv) If {F,a) is attached and {Fi,a)f^i is an attached branching of a in 
"^13 such that F = uf^^Fi, then for 1 ^ i < j ^ d and n e Fj, r2 e Fj, 
we have that a a ti ^ a a T2. 

Proof. We prove this lemma by transfinite induction. For a = 1 the desired 
result follows immediately from the definition of ^1 . Assume now that a is a 
countable ordinal number and that the statement holds for every (F, a) e 
for every f3 < a. If a is a limit ordinal number, then the result follows 
trivially from the inductive assumption and the definition of Assume 
therefore that a = (3 + I and let {F, a) e Wa- 

We treat first the case when {F, a) is skipped. Let {Fi,ai)f^i be a skipped 
branching of cr in such that F = uf^^-Fj. 

We first prove part (iii), i.e. for r e Fi, we have that a a ai = a a t, 
i = 1, . . . ,d. 

By the inductive assumption, there exist e Fi such that min(Fj,(Tj) = 
|(Ti A r^l and for every r e Fj we have that ai a <Z ai a t. 

Since, by definition, |(T a (7j| < min(Fj, (Tj) = |(Tj a ^ \ai at\, it follows 
that fj A fjj £ (7j A T and by Lemma 12.71 a a ai = a a t. 

Choosing any Tm e Fi and tm e F^, it is easy to see that (i) and (ii) are 
satisfied. 

Assume now that (F, a) is attached. Let {Fi,a)f^i be an attached branch- 
ing of fj in such that F = uf^^Fi. 

By the inductive assumption, there exist r^, r^j e Fi such that min(Fj, a) = 
\a A r^l, max(Fi, 0") = \a a t]^^\ and for every t e Fi we have that a a E 
a A T ^ a A T^j. 

We will show that for 1 ^ i < j ^ d, we have that a a r^^ £ a a Tm- This 
proves both (iv) and that Tm = Tm,TM = t^/ have the desired properties. 

However, this follows immediately from the fact that |(TAr^| = inax(Fi, o") < 
m.m{Fj,a) = \a a tL\- 

□ 
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Corollary 2.9. Let a be a countable ordinal number and {F, a) e Then 
the following hold. 

(i) min(F, cr) = min{|(T a r| : t e F} 

(ii) m8ik{F,a) = max{\a a t[ : t e F} 

Corollary 2.10. Let a be a countable ordinal number and {F,a) e I^q, 
such that #F ^ 2. Then 

min(F, a) ^ min{|Ti a : ri, T2 e -F with ri 7^ 

Proof. Let ti 7^ T2 be in F. By Lemma 12.81 there exists e -F, such that 
m.m{F, a) = |(t a r^j and o" a E cr a ti as well as o" a Tm E cr a r2. It 
follows that o" A Tm E Ti A T2. We conclude that mm{F,a) ^ |ti a T2I. □ 

Lemma 2.11. Let a be a countable ordinal number and {F,a) e 'S^^ such 
that #F ^ 2. Then there exists a' e {0, 1}^, such that {F,a') e and 

min(F, o"') = min{|Ti a r2| : ri, T2 e -F with t\ ^ T2} 

Proof. We prove this lemma by transfinite induction on a. Assume that 
a = 1, (F, cr) e ^1, such that #F ^ 2 and F = {Ti}f^^,d ^ 2 such that the 
assumptions of Definition 12.11 are satisfied. Then a a ri £ cr a T2 and by 
Lemma 12.71 we have that o" a ri = ri a T2. We conclude that min(F, o") = 
|(T A Til = [ri A r2[. Corollary 12.101 vields that min(F, o") = min{|Ti a T2I : 
Ti, T2 e F with Ti T2} and hence, the desired a' is a itself. 

Assume now that a is a countable ordinal number and that the conclusion 
holds for every (3 < a. 

If a is a limit ordinal number, choose {/3n}n a strictly increasing sequence 
of ordinal numbers with sup„ /3„ = a, such that the assumptions of Defini- 
tion l2.4l are satisfied. Let [F, a) e with ^F ^ 2. Then there is n e N such 
that {F,a) e ^^^^ and min(F, o") ^ n. Corollarv 12. 101 vields the following. 

(1) min{|Ti A r2| : ri, T2 e F with ti 7^ T2} ^ n 

By the inductive assumption, there exists a' e {0, 1}^ with {F, a') e and 
min(F, 0"') = min{|ri a T2\ : ti,T2 e F with ti 7^ r2}. By ([1]) we have that 
inin(F,cr') e 

Assume now that a is a successor ordinal number with a = /3 + 1 and 
let (F, o") e with #F ^ 2. If {F,a) e then the inductive assumption 
yields the desired result. If this is not the case, then (F, a) is either skipped, 
or attached. If it is attached, then there is {Fi,ai)f^i an attached branching 
of (T, such that F = ^f^^Fi. If d = 1, then (F, ai) e W/s and by the inductive 
assumption we are done. Otherwise, choose ti e Fi, r2 e F2. Lemma [2.8l (iii) 
yields that uati = ctao"i £o"A(T2 = 0"at2 and by Lemma [221 we have that 
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a ATI = T\ f\T2- We conclude that min(F, cr) = [o" a (Ti | = |(T a ti | = |ri a r2 1 
and therefore, applying Corollary 12.101 we have that a is the desired a' . 

If on the other hand (F, o") is attached, using similar reasoning. Lemma 
12.81 (iv) and Corollarv l2.9| we conclude the desired result. 

□ 

Corollary 2.12. Let {(-Ffc,crfc)}fc be a sequence in IJ/3<lji^^ such that 
limfc min(i<fc, cTfc) = oo. Then, if F is a limit point of {-Ffclfc; we have that 

Proof. Let be a limit point of {-Ffcjfc, and assume that there are ti T2 in 
F. Then there exists L an infinite subset of the natural numbers, such that 
Ti, T2 e Fk, for every k e L. Corollary 12. lOl yields that |ri Ar2| ^ min(i<fc, 0"^), 
for all k e L. We conclude that |ti a r2| = oo, i.e. ri = T2, a contradiction. 

□ 

The following two lemmas will both be useful in the sequel. 

Lemma 2.13. Let a be a countable ordinal number and {F,a) e ^q,. Let 
also cr' e {0, 1}^, such that a' /\ t = a /\ t for all t e F. Then the following 
hold. 

(i) {F\a') e _ ^ ^ 

(ii) min(F, a') = min(i^, a) and max(i^, a') = max(F, a) 

Proof. We prove this lemma by transfinite induction. The case a = 1 follows 
easily from the definition of Assume now that the result holds for every 
f3 < a. The case where a is a limit ordinal number is trivial, assume therefore 
that a = /3 + 1 and let {F,a) e a' e {0, 1}^ such that the assumptions 
of the lemma are satisfied. Notice that it is enough to show that (i) is true, 
since part (ii) of the conclusion follows immediately from (i) and Corollary 

\m 

We treat first the case when {F,a) is skipped, i.e. there exists {Fi,ai)f^^ 
a skipped branching of a in with F = uf^^-Fj. To show that {F, a') e 
it suffices to show that {Fi,ai)f^^ is a skipped branching of a' . 

Notice that it is enough to show that a a ai = a' a Ci for i = 1, . . . , d, 
which, by Lemma 12.71 is equivalent to a a a a a' for i = 1, . . . , d. 

Fix \ ^ i ^ d and chose t e Fi. Lemma 12.81 (iii) yields that a a ai = 
a AT = g' AT. Once more. Lemma 12.71 vields that o" a = o" a r £ o" a o"'. 

Assume now that (F, o") is attached, i.e. there exists {Fi,a)f^i an attached 
branching of a in §^^3, with F = ^f^^Fi. Since, by the inductive assumption, 
the conclusion holds for the {Fi,a),i = l,...,d, a', it is straightforward 
to check that {Fi,a')f^i an attached branching of a' in and therefore 
(F,a')e^„. □ 

Lemma 2.14. Let {F,a) e |J^<a;i ^' ^ ^^'^'^ ^^^^ cr a r £ 

a' A T for all t e F. Then, if a = min{/3 : {F,a) e ^p}, a is not a limit 
ordinal number and the following hold. 
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(i) If a = 1, then #F = 1. 

(ii) If a = /3 + 1, then there exists a" e {0, 1}^ with (F, a") e ^/j. 

Proof. The fact that a is not a hmit ordinal number fohows trivially from 
Definition 12.41 The case a = 1 is easy, we shall therefore only prove the case 
a = /3 + 1. Since {F,a) ^ '^j^, it is either skipped or attached. 

Assume first that there is {Fi,ai)f^-^ a skipped branching of a in with 
F = yjt^Fi. If d = 1, then a" = (Ti is evidently the desired element 
of {0, 1}^. We will therefore prove that d = 1. Towards a contradiction, 
assume that 2 and choose ti e Fi,T2 e F2. 

Lemma 12.81 (iii) yields that a a ti = a a ai ^ a a a2 = a a T2- By 
the assumption, a a ti ^ a' a ti and using Lemma 12.71 we conclude that 
a ATi = a A a'. Similarly, we conclude that a at2 = c a a'. We have shown 
that a A a' ^ a A a' , which is absurd. 

If {F,a) is attached, then using similar arguments and 12.81 (iv), one can 
prove the desired result. □ 

Proposition 2.15. Let a be a countable ordinal number, {F,a) e 'S^ and 
G be a non empty subset of F . Then (G, a) e ^^q,. 

Proof. We proceed by transfinite induction. For a = 1 the result easily 
follows from the definition of . Assume that the statement is true for every 
j3 < a. The case when a is a limit ordinal number is an easy consequence of 
the inductive assumption and Corollary l2.91 Assume therefore that a = j3+l 
and let (F, a) be in and G F. 

Consider first the case, when {F,a) is skipped and {Fi)f^i be a skipped 
branching of a in 5f/3, such that F = uf^^Fj. 

Set {ii <■■■< ip} = {i e {1,. .. ,d} : G n Fi 0} and Gj = G n Fi^ for 
j = 1, . . . ,p. By the inductive assumption, {Gj,ai.) is in for j = 1, . . . ,p 
and, evidently, it is enough to show that (Gj, ai-Yj^^ is a skipped branching 
of a. 

Obviously, assumptions (i), (ii) and (iii) from Definition 12.21 are satisfied. 

Corollarv 12.91 vields that min(Fj . , . ) ^ min(Gj,crj.) and hence (iv) is 
satisfied. Moreover p ^ d ^ |o" a c7i| ^ |o" a c7j^|, which means that (v) is 
also satisfied. 

If on the other hand (F, a) is attached, using similar reasoning and Corol- 
lary 12.91 the desired result can be easily proven. 

□ 

Definition 2.16. For a countable ordinal number a we define 

g^ = {F cz {0, 1}^ : there exists a e {0, 1}^ with (F, a) e u {0} 

Remark 2.17. It is clear that {Gn}n<uj is an increasing family of finite 
subsets of {0,1}^. Proposition 12.151 also yields that Qa is hereditary for all 
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Proposition 2.18. Let a be a countable ordinal number. Then Qa is en- 
large. In particular, for every B infinite subset of {0, 1}^ there exists a one 
to one map (f) -.N —>■ B with (f){F) e Qa for every F e Sq, and a < coi. 

Proof. Let B be an infinite subset of {0, 1}^. Choose {Tk}k pairwise disjoint 
elements of B and a e {0, 1}^, with lim^ = a, such that a at^ £ cr a r^+i 
for aU ken. Define ^ : N ^ with = Tfc. 

We shall inductively prove that for every a < u\ and F e Sa, the following 
holds. 

(i) {£F),a)eWa ^ 

(ii) min((^(F), cr) = |c7 a TminFl and max(</)(F), cr) = |o- a TmaxFl 

The case a = 1 can be easily derived from the definition of ^i. Assume 
now that a is a countable ordinal number and that the statement is true for 
every F e Sjj and f3 < a. 

We treat first the case when a is a limit ordinal number. Choose {Pn}n a 
strictly increasing sequence of ordinal numbers with sup„ /3„ = a, such that 

00 

^a=[j {(G',a') 6% : min(G,a') ^ n} 

n=l 

as well as 

00 

Sa=[j {FeSp„ : minF^n}. 

n=l 

Then, if F e 5^, there exists n e N with F e Sp^ and minF ^ n. The 
inductive assumption yields that {(j){F),a) e WjS^ and mm{(f){F),a) = \a a 
Trnmp] ^ minF ^ n. We conclude that {(f){F),a) e '^^ and, of course, 
m.m{(p{F),a) = \a a TmmFl- 

Assume now that a = P + 1 and let F e Sa. Then there exist minF < 
Fi < • • • < Fd in 5^ with F = uf^^Fj. 

The inductive assumption yields that (0(Fj), a)^^^ is an attached branch- 
ing of a in and hence {(j){F),a) e 

Moreover, min((/)(F), a) = min(0(Fi), a) = jo" a TminFil = |o" a TmmFl- 
Similarly, we conclude that rnax(^(F), a) = \a a TmaxFl- 

□ 

Remark 2.19. With a little more effort, it can be proven that for a < ui, 
Qa is not a + 1-large. In particular, there does not exists a one to one map 
^ : N {0, 1}^, such that 0(F) e Qa, for every F e Sa+i- To be even more 
precise, for every A infinite subset of {0, 1}^, there exists B a countable 
subset of A, such that the Cantor-Bendixson index oi Qa \ B is equal to 
+ 1 for all a < oji. Since we do not make use of this fact, we omit the 
proof. 

Theorem 2.20. Let a be a countable ordinal number. Then Qa is an en- 
large, hereditary and compact family of finite subsets of {0, 1}^. 
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Proof. All we need to prove, is that Qa is compact and we do so by transfinite 
induction. Let us first treat the case a = 1 and assume F is in the closure 
of Gi. 

If F is finite, then since Qi is hereditary, then F e Qi. It is therefore 
sufficient to show that F cannot be infinite. Since Gi is hereditary, we may 
assume that F is countable and let {rj : z e N} be an enumeration of F. 

We conclude, that setting Fk = : i = 1, . . . , k}, then F^ e Gi and 
= k. Choose {0"^}^ a sequence in {0, 1}^ such that {Fj^,ak) e '^i for all 
k. ^ 

Remark 12.61 yields that k ^ min(i<fc, cj^) for all k. On the other hand, 
by Corollary 12.101 we have that min(Ffc, cjfc) ^ |ri a r2|. We conclude that 
A: ^ |ri A for all A; e N, which is obviously not possible. 

Assuming now that a is a countable ordinal number such that Gfi is com- 
pact for every /3 < a, we will show that the same is true for Ga- 

We treat first the case in which is a limit ordinal number. Fix a 
strictly increasing sequence of ordinal numbers with sup„ fin = a such that 

00 

= U {{F, a) e % : iiIhi(F, a) ^ n} 

n=l 

Let F be in the closure of Ga- As previously, if F is finite then it is in Ga 
and it is therefore enough to show that F cannot be infinite. Once more, we 
may assume that F = {rj : i e N}. Setting Fk = {ri, . . . , r^}, we have that 
Fk e Ga, therefore there exist {ak}k, with {Fk,(Jk) e ^^a- 

Using Corollarv 12.101 we have that min(Ffc, Ufc) ^ |ri a T2\ = d. In other 
words, {Fk,ak) e , with ^ d for all k. Passing, if necessary, to 
a subsequence, we have that {Fk,crk) e ^^/3„,j, for all k. We conclude that 
F e G/3„^^ , in other words Gp„^^ is not compact, which is absurd. 

Assume now that a = /? + 1. Let F be in the closure of Ga- As previously, 
it is enough to show that F cannot be infinite. Once more, we may assume 
that F = {Ti-.ie N}. 

Set Fk = {ti : i = l,...,fc}, for all k. Then F^ G Ga, i-e. there exists 
Uk such that {Fk,crk) e "^a- Setting d = \ti a T2\, Corollary 12.101 yields the 
following. 

(2) mm(Fk,(7k) ^ d for all k 

By Definition [231 Remark Ejl and for every ken, there exist 
pairwise disjoint sets in Gi3, with Fk = ^Y=iFj^ and ^ d. Passing to a 
subsequence, we may assume that mk = m, for all k. 

By the compactness G/s, we may pass to a further subsequence and find 
Gi, G2, . . . , Gm e Gi3, such that limfc Fj = Gj, for j = 1, . . . , m. 

We conclude that F = lim^ Fk = limfc(uJLiF/) = (j]LiGj. Since 
is a finite set, this cannot be the case. 

□ 
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Although the initial motivation behind the definition of the Qa families 
was the construction of a non-separable reflexive space with £i as a unique 
spreading model, we believe that they are of independent interest, as they 
retain many of the properties of the families Sa ■ They are therefore a version 
of these families, defined on the Cantor set {0, 1}^. We present a few more 
properties the Qa have in common with the Sa- 

Lemma 2.21. Let a < /? be countable ordinal numbers. Then there exists 
n e N such that {(F, a) e ^q, : rnin(F, cj) ^ n} c 5^^. 

Proof. Fix a a countable ordinal number. We prove this proposition by 
means of transfinite induction, starting with j3 = a + \. In this case the 
result follows from the definition of ^^/j, for n = 1. 

Assume now that /? is a countable ordinal number with a < (3, such that 
the statement holds for every a < ^ < f3. If/3 = 7 + l, by the inductive 
assumption, there exists n e N, such that {{F,a) e : min(F, o") ^ n} cz 
5^^. Evidently, we also have that {{F,a) e '^a '■ min(F, cr) ^ n} c 

If /3 is a limit ordinal number, fix a strictly increasing sequence of 

ordinal numbers, such that /3 = lim/j /3fc and 

= \]{{F,a)e % : iihri(F, a) ^ k] 

k 

Choose /cq e N with a < /S^q- By the inductive assumption, there exists 
m e N, such that {{F^a) e : min(F, it) ^ m] a ^js^.^- Setting n = 
max{A;o,m}, we have the desired result. 

□ 

Lemma 2.22. Let a < /3 be countable ordinal numbers. Then there exists 
n e N u {0} such that cz ?^/3+„. 

Proof. Fix /3 a countable ordinal number. We proceed by transfinite induc- 
tion on a. In the case a = 1, it is easily checked that ^'Sp. Assume now 
that a is a countable ordinal with a < (3, such that the statement holds for 
every j < a. Ifa = 7+1, then by the inductive assumption there exists 
n e N u {0} with cz ^^j^n- We conclude that '^a ^ ^/3+(n+i)- If is 
a limit ordinal, fix {0^}^ a strictly increasing sequence of ordinal numbers, 
such that a = lim^ and 

k 

Lemma 12.211 yields that there exists m e N with {(F, cr) e 'Sa ■ mm{F,a) ^ 
m} cz 'Sp. The inductive assumption, yields that for k = 1, . . . , m — 1, there 
exists nfc e N u {0} with 'Sa,. cz 5^^+^^,. Setting n = max{m, ni, . . . , rim-i}, 
it can be easily checked that 'Sa cz ^p+n- 

□ 
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Proposition 2.23. Let a < /3 be countable ordinal numbers. Then there 
exists n e N such that 

{F e '■ #F ^ 2 and min{|ri a T2\ : n, r2 e F, n 7^ T2} ^ n} c 

Proof. Let a < /3 be countable ordinal numbers. Choose n e N such that 
the conclusion of Lemma [2.21l is satisfied. We show that this n is the desired 
natural number. Let F e Qa with ^F ^ 2 and min{|ri at2\ : ti,T2 e F,ti ^ 
T2} ^ ^- Then there exists a e {0, 1}^ with {F,a) e Lemma 12.111 yields 
that there exists a' e {0, 1}^ such that {F,a') e and min(F, a') ^ n. By 
the choice of n, we have that [F, a') e '^p, i.e. F e □ 

The following proposition is an obvious conclusion of Lemma 12.221 

Proposition 2.24. Let a < /3 be countable ordinal numbers. Then there 
exists n e N u {0} such that Qa Gp+n- 

3. The space X2N0 

Let us from now on fix a one to one and onto map t ^ ^t- from {0, 1}^ 
to the cardinal number 2^". 

Definition 3.1. For n e N define a norm on cqo (2^0) in the following man- 



(i) For n e N, we may identify an F e Qn with a linear functional 



(ii) For X e coo(2^o) define 

= sup{[F(x)[ : F e Qn} 
Set Xn to be the completion of (coo(2^"), || • ||n). 

Proposition 3.2. Let n e N. Then the following hold. 

(i) The space Xn is cq saturated. 

(ii) The unit vector basis {e^}^^2^o is a normalized, suppression uncondi- 
tional and weakly null basis of Xn, with the length of the continuum. 

(iii) Any subsequence of the unit vector basis admits only ii as a spread- 
ing model. 

Proof. To prove (i), notice that since Qn is compact and contains only finite 
sets, it is scattered. The main Theorem from [H] yields that C{Qn) is cq 
saturated. Evidently, the map T : Xn C{Qn) with Tx{F) = F{x) is an 
isometric embedding and therefore, X„ is cq saturated. 

Property (ii) follows from the fact that Qn is hereditary and property (iii) 
is a consequence of the fact that Qn is 1-large. □ 



ner. 
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Remark 3.3. For a cardinal number k and B a compact, hereditary and 
large family of finite subsets of k, one may define a cq saturated space Xq, 
in the same manner as in Definition 13.11 Then any subsequence of the unit 
vector basis {eg}^<re admits only ii as a spreading model. Therefore the 
problem of finding a basic sequence of length k, admitting only i \ as a 
spreading model, is reduced to the existence of such a family B. As it is 
proven in [10], Proposition 7.4, this is equivalent to k not being w-Erdos. 

It is also worth to note, that for a given cardinal number k, it is easy 
to construct a refiexive space X with a basis {e^}^<K, having the property 
that every subspace has a sequence admitting £i as a spreading model. As 
proven in [5], [9] and [12|, any space X with an unconditional basis, embeds 
as a complemented subspace in a space with a symmetric basis D. As noted 
in [3], the construction in [5j has the following additional property. Every 
subspace of D contains a copy of a subspace of X. One may therefore embed 
Tsirelson space T into a space D with a symmetric basis {en]ni saturated 
with subspaces of T. Since this basis is symmetric, it may naturally be 
extended to a basis {e^}g<K to define a space X having the desired property. 
However, this space also admits spreading models not equivalent to li. For 
instance, the basis itself being symmetric and not equivalent to li, fails this 
property. 

By T we denote Tsirelson space as defined in [7] and by {e„}„ we denote 
its usual basis. We are now ready to define the space X2K0 , using the spaces 
Xn, Tsirelson space T and a method first appeared in [6]. 

Definition 3.4. Define the following norm on 000(2*^"). For x e coo(2^°) 

CO 

ll^ll ^ II 2 9^ll^ll"^"llr 

n=l ^ 

Set X2K0 to be the completion of (coo(2^°), || • ||). 

Set A = II XiJ^Li 2^e„||r and for ^ < 2^", eg = -^e^. Since {eg}g<2^o is nor- 
malized and suppression unconditional in and {en]n is 1-unconditional 
in T, we conclude that {eg}g<2No is a normalized suppression unconditional 
basis of X2K0 . 

For n e N define P„ : X2K0 Xn with P„x = ^x. Evidently P„ is well 
defined and ||-Pn|| ^ 1) for all n e N. 

The main result is the following, which is a combination of Proposition 
13.151 and Corollary 13.171 which will be presented in the sequel. 

Theorem 3.5. The space X2K0 is a non separable reflexive space with a 
suppression unconditional Schauder basis with the length of the continuum, 
having the following property. Every normalized weakly null sequence in 
X2N0 has a subsequence that generates an spreading model, for every 
n e N. 
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Lemma 3.6. Let {e^,^}k be a subsequence of the basis {e^}^^2^o of X2N0. 
Then it has a subsequence that generates an ^" spreading model for every 
n e N. 

Proof. Set B = {t : = for some A; e N}. By Proposition 12.181 there 
exists a one to one map cf) : N ^ B such that (piF) e Qn for every F e Sn 
and n e N. 

Pass to L an infinite subset of the natural numbers such that the map 
(j) : L ^ 2*^" with (f){j) = C<fi(j) is strictly increasing. We will show that 
iieL admits an spreading model for every n e N. 

By unconditionality, it is enough to show that there are positive constants 
Cn such that for every n e N, F e Sn, F ^ L and {tj}j£p positive constants, 
we have that 

II S II ^ 2 ^1 

jeF jeF 
By definition, we have that || YjjeF^jh4>u) II ^ SjeF lU and by the 

choice of 0, we have that 4){F) e Qn- Hence, <A(^)(ZijeF = HjeF^j 

which yields that I J^jsp^j'^Uu) H" ^ ^jeF^j- 

We finally conclude that || J^j^F ^iH^u) H ^ ^ ^jeF *i 1^ 
Proposition 3.7. Let {xj.}k be a normalized, disjointly supported block 
sequence of {e^]^^2^^i such that limsup^ ||xfc||oc > 0. Then {xk]k has a 
subsequence that generates an Py spreading model for every n e N. 

Proof. By unconditionality, it is quite clear, that by passing, if necessary, 
to a subsequence of {xk}k-, there exist e > and {e^j.}fc a subsequence of 
{^?}g<2^0! such that for any Ai, . . . , Am real numbers, one has that 

m m 

II 2 AfeXfcll > e|| Yj ■AfcCgj^ll 
fc=i fc=i 

Lemma 13.61 vields the desired result. □ 

Proposition 3.8. Let {xk}k be a normalized block sequence in Xg^o; such 
that limfc H-PraXfclln = 0, for all n e N. Then {xk}k has a subsequence equiv- 
alent to a block sequence in T. In particular, {xk}k has a subsequence that 
generates an spreading model for every n e N. 

Proof. Using a sliding hump argument, it is easy to see, that passing, if 
necessary, to a subsequence of {xk]k, there exist {Ik}k increasing intervals 
of the natural numbers, such that if we set yk = Xins/fe i^lkfcllnen, then 
{xk}k is equivalent to {yk}k- □ 

Lemma 3.9. Let {xi^}/. be a normalized, disjointly supported block sequence 
of {e^}^<2«oi such that the following holds. There exist c > 0, no e N, 
(Ffc, Ufc) 6 for A; e N and a e {0, 1}^ satisfying the following. 

(i) \Fkixk)\ > c for all e N. 

(ii) The F^ are pairwise disjoint. 
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(iii) a ^ ak for all A; e N. 

(iv) cr A fj A; E o" A (Tfc+i for all /c E N. 

(v) |(T A (7fc[ < min(i<\., fjfc) for all e N. 

Then {xfcjfc generates an £^ spreading model for every n e N. 

Proof. By changing the signs of the Xk, we may assume that Fk{xk) > c for 
ah ken. 

Arguing in a similar manner as in the proof of Proposition 12.181 one can 
inductively prove that for every n e N and G e 5„ the following hold. 

(a) {jOkeGFk,Cr) e ^no+n 

(b) mm(u keG Fk,cr) = \a a a^amGl and mSk{ukeGFk,(^) = \cr a (TmaxGl 
Since {xk}k is unconditional, it is enough find positive constants c„ > 

0, such that fixing G e Sn and {Xk}keG non negative reals, we have the 
following. 

II 2 AfeXfcll > c„ ^ Afc 

keG keG 

Properties (a) and (b), yield that F = ^keGFk £ Gno+n- This means the 
following. 

II XI ^kXkW > \\Pno+n{J] ^kXk)\\no+n = ^no+n H XI ^I'^kho+n > ^no+n X 
fcsG keG keG keG 

□ 

Lemma 3.10. Let {xk}k be a normalized, disjointly supported block se- 
quence of {eg}^<2No) such that the following holds. There exist c > 0, no e 
N, o" e {0, 1}^, a sequence {F^jk in Gno satisfying the following. 

(i) \Fk{xk)\ > c for ah A; E N. 

(ii) The sets F^ are pairwise disjoint 
(ni) (Ffc, a) 6 i^no fOTall A: e N 

(iv) max{Fk,a) < min(i<fc+i, o"), for all A; e N 
Then {xk}k generates an ^" spreading model for every n e N. 

Proof. The proof is identical to the proof of Lemma 13. 9[ 

□ 

Lemma 3.11. Let {x^jk be a sequence in Xg^o and n e N such that 
limfc ||PnXfc||n = 0. Then for every e > there exists A;o e N such that 
for every k ^ the following holds. 

\F{xk)\ < e for every F e Qn 



Proof. Fix e > 0. Choose ko e N, such that ||-Pna;fc||n = 2^||2^fc||n < ^^e, for 
every k ^ ko. By definition of the norm || * ||.^, this niGans tliG following. 

\F{xk)\ < £ for every F e Qn 

□ 
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Lemma 3.12. Let {xk}k be a normalized, disjointly supported block se- 
quence of {e^}^<2«oi such that linifc ||2;fc||oo = and there exists n e N 
such that limsup;^. l-Pn^^fcHn > 0. Assume moreover, that if no = min{n : 
limsup^ ll-fn^^felln > 0}, there exists c> 0,a e {0,1}^ and {F^jj^ a sequence 
in Qno satisfying the following. 

(i) \Fk{xk)\ > c for ah keN. 

(ii) The sets Fk are pairwise disjoint 

(iii) (Ffc,cr) e^„o for all /c e N 

Then {xk}k has a subsequence that generates an spreading model for 
every n e N. 

Proof. We shall prove that for every ko,m natural numbers, there exist 
k ^ Uq and Gk F^ such that \Gk{xk)\ > c/2 and mm{Gk, cr) > m. 

If the above statement is true, we may clearly choose {Gk}k in Gno satis- 
fying the assumptions of Lemma 13.101 which will complete the proof. 

We assume that no ^ 2, as the case no = 1 uses similar arguments and 
the fact that lim/, ||xfc||oo = 0. 

Fix kQ,m e N. By Lemma 13.111 choose k ^ k^, such that the following 
holds. 

(3) \Fixk)\ < — for every F e Qno-i 

Zni 

We distinguish two cases. 
Case 1: There is {Fl^,a^)f^i a skipped branching of a in ?^no-i with Fk = 

1 ,d. T?k 

Case 2: There is {Ff^,a)f^^ an attached branching of a in with F^ = 

I ,<i jpk 

In either case, by Proposition l2.15l we have that if we set G^ = 'of^^^^^F^, 
then {Gk,o') e Moreover, ^ yields that \Gk{xk)\ > c/2. 
All that remains, is to show that min(Gfc,cj) > m. 

If we are in case 1, then min(G/c, cr) = |cr a (^m+il- Definition 12.21 we 
have that |c7 a (Tj^| < |cj a af_^_i\ for i = 1, . . . , m, which of course yields that 

If, on the other hand, we are in case 2, then min(Gfc,cj) = m.m{F^^_^_^,a). 
By Definition 1 2 . 3 1 we have that m.m{Fl',a) ^ mSk{Fl^,a) < m.m{Ff^_^i,a) for 
i = 1, . . . , m, which yields that min(F^^;^, o") > m. 

□ 

Lemma 3.13. Let {xk}k be a normalized, disjointly supported block se- 
quence of {e^}^<2No , such that there exists n e N such that limsup;, ll-fn2;fc||n > 
0. Then, passing if necessary, to a subsequence, there exist c > and 
{Fk,(Tk) 6 satisfying the following. 

(i) The Fk are pairwise disjoint. 

(ii) \Fk{xk)\ > c for all A; e N. 
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Proof. Pass to a subsequence of {xk]k and choose e > 0, such that the 
fohowing holds. 

\\PnXk\\n = ^ll^^fclU > for all A; e N. 

By the definition of the norm || • ||n) there exist {Fk,ak) e with > 
2"e, for all A; 6 N. By virtue of Proposition 12.15] and the fact that {xk}k 
is disjointly supported, we may assume that the Fj^ are pairwise disjoint. 
Setting c = 2"e finishes the proof. □ 

Proposition 3.14. Let {xk}k be a normalized, disjointly supported block 
sequence of {e^}^<2No) such that limfc ||xa;||co = and there exists n e N such 
that limsup/j ll-Pn^^fclln > 0. Then {xk}k lias a subsequence that generates an 
spreading model for every n e N. 

Proof. Set no = min{n : limsup;^. > 0}, apply Lemmas 13.131 and 

13. m pass to a subsequence of {xk]^ and find c > 0, Uk) e such that 
the following are satisfied. 

(i) The are pairwise disjoint. 

(ii) \Fk{xk)\ > c for all keN. 

(iii) \F{xk)\ < c/4: for every A; e N and F e Qno-i- 

Passing to a further subsequence, choose a e {0, 1}^ such that lim^ ak = 
a. We distinguish two cases. 

Case 1: limjt max{|G(xfe)| : G <^ F^ with {G,a) e ^uq} = 
Case 2: limsupjr. max{|G(xfe)| : G F^ with {G,a) e Wno} > 

Let us first treat case 1. Pass once more to a subsequence of {xk}k, 
satisfying the following. 

(a) max{|G(xfc)| : G ^ Fk with {G,a) e Wno} < c/4, for ah keN. 

(b) a ¥= (Jki for every A; e N. 

(c) cj A (jfc £ cr A ak+i for all A; e N. 

We shall prove the following. For every A;, there exists Gk c Fk, such that 
the following hold. 

(d) \Gk{xk)\ >c/2 

(e) |cr A cjfcl < min(Gfc,o-fc) 

Combining (b), (c), (d) and (e), we conclude that the assumptions of 
Lemma 13.91 are satisfied, which proves the desired result, in case 1. 

Set G'l. = {t e Fk : ^ t = a a t}. Proposition 12.151 and Lemma 
Einiyield that (G'^,cj) e ^^^g. Setting = property (a) yields that 

|F^(xfc)| >3c/4. 

Set G'^ = {r e : (Tfc A T £ o" A r}. Once more. Proposition 12.151 
yields that (G'^,crfc) e however Lemma [2.141 vields that G'f, e Guq-i and 
therefore, by (iii) we have that < c/4. 

Set Gk = F^XG'j^. Then we have that \Gk{xk)\ > c/2, i.e. (d) holds. 

We will show that (e) also holds. By Corollarv 12.91 there exists r e Gk, 
with min(Gfc, ak) = jcfc ^ t\- Since r ^ G'^, we have that \ak a t\ ¥= \o' a t\. 
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We will show that \a /\ t\ < \ak ^ t\. Assume that this is not the case, 
i.e. |(Jfc A t| < |(j A r|. In other words, cjfc a r £ cr a r. This means that 
T e G^, a contradiction. 

We conclude that o" a r £ cja; a r. Lemma 12.71 yields that a a t = a a. 
Applying Lemma 12.71 once more, we conclude that a a ak ^ (Jk a t, i.e. 
\a A ak\ < \(Jk A t\ = min(Gjt, fj/t), which completes the proof for case 1. 

It only remains to treat case 2. Observe, that in this case, we may easily 
pass to a subsequence of {xk}k, satisfying the assumptions of Lemma [3.121 
This completes the proof. 

□ 

Combining Propositions 13. 7| 13.81 and 13. 14^ one obtains the following. 

Proposition 3.15. Let {xk}k be a normalized weakly null sequence in ^2^0 ■ 
Then {xk}k has a subsequence that generates an spreading model for every 
n e N. 

Proposition 3.16. The space X2K0 is saturated with subspaces of Tsirelson 
space. 

Proof. It is an immediate consequence of Proposition 13.151 that ^2^*0 does 
not contain a copy of cq. By Proposition 13.21 the spaces X„ are cq saturated 
and therefore, the operators P„ : jC2*<o ~^ ^n, are strictly singular. 

We conclude, that in any subspace Y of jC2*<o i "-o £ N and e > 0, there 
exists X eY with ||x|| = 1 and ||Pn3;||ra < £ for n = l,...,nQ. One may 
easily construct a normalized sequence in Y, satisfying the assumption of 
Proposition 13. 8|. which completes the proof. □ 

In particular, the previous result yields that neither cq nor ii embed into 
jC2No- Using James' well known theorem for spaces with an unconditional 
basis, we conclude the following. 

Corollary 3.17. The space ^2^^ is reflexive. 

Remark 3.18. As is well known, (see Lemma 37), if {xk}k is a nor- 
malized weakly null sequence in a Banach space X and x e X, then {xk}k 
admits an ii spreading model, if and only if {x^ — admits an ii spread- 
ing model as well. Since X2HQ is reflexive and every normalized weakly 
null sequence admits an ii spreading model, we conclude that any bounded 
sequence in Xg^o ; without a norm convergent subsequence, admits an ii 
spreading model. In other words, every spreading model admitted by , 
is either trivial or equivalent to the usual basis of ii. 

4. Spaces admitting £f as a unique spreading model 

The goal of the present section, is to give an outline of the construction, 
for a given countable ordinal number a, of a non separable reflexive space 
X^kq , having the following property. Every normalized weakly null sequence 
in X^kq has a subsequence that generates an if spreading model. 
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Definition 4.1. Let a be a countable ordinal number. Define |1 • ||Ta to be 
the unique norm on coo(N) that satisfies the following implicit formula, for 
every x e coo(N). 



where the supremum is taken over &W. Ei < ■ ■ ■ < subsets of the natural 
numbers with {minEi : i = 1, . . . , d} e Sa- 

Define the Tsirelson space of order a, denoted by T^, to be the completion 
of coo(N) with the aforementioned norm. 

The space is reflexive and the unit vector basis {e„}„, forms a 1- 
unconditional basis for Tq. Moreover, every normalized weakly null sequence 
in Tq,, has a subsequence that generates an spreading model. For more 
details see ??. 

Given a countable ordinal number a, we shall construct {Gn}n an in- 
creasing sequence of families of finite subsets of {0, 1}^, strongly related to 



Definition 4.2. Wc define to be all pairs {F,(j), where F = {rj}^^]^ e 
[{0, d e H and 0- e {0, 1}^, such that the following are satisfied. 

(i) C7 ^ Tj for i = 1, . . . , d 

(ii) cr A Ti 7^ and if d > 1, then a a a f\ ■ ■ ■ o /\ 

(iii) {|cr A Til : z = 1, . . . ,d} e 5a 

Define min(F, a) = \g r\T\\ and inax(F, cr) = |cr a Td\- 

Assume that n e N, have been defined for A; < n and that for (F, cr) e 
min(F, cr) and max(F, cr) have also been defined. 

Definition 4.3. Let (-Fj, crj)^^^, d e N be a finite sequence of elements of 



We say that (i^i, cri)f^i is a skipped branching of a in if the following 
are satisfied. 

(i) The Fi,i = 1, . . . , d are pairwise disjoint 

(ii) a ai for i = I, . . . ,d 

(iii) a A ai ¥= and if d > 1, then aAai^aAa2^---^crAa(i 

(iv) |cr A crj| < min(Fj, cTj) for i = 1, . . . , d 

(v) {|cr A (Til : i = 1,. . . ,d} e Sa 

Definition 4.4. Let a e {0, 1}^ and {Fi,a)f^-^^, d e N be a finite sequence 
of elements of 

We say that {Fi, a)f^i is an attached branching of a in if the following 
are satisfied. 

(i) The Fj, i = 1, . . . , d are pairwise disjoint 

(ii) If d > 1, then max(Fj, cr) < min(Fj+i, cr), for i = 1, . . . , d — 1 




{Qn\ 



and cr e {0,1} 
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(iii) {min(Fj, o") : i = 1, . . . ,d} e Sq, 
We are now ready to define '^^+1' 

Definition 4.5. We define to be all pairs (F, a), where F e [{0, l}^]<'^ 
and a e {0, 1}^, such that one of the following is satisfied. 

(i) {F,a)e^^. 

(ii) There is {Fi,ai)f^^ a skipped branching of a in such that F = 

^Uf,. _ 

In this case we say that {F, a) is skipped. Moreover set min(F, a) = 
\a A (Til and niax(F, o") = \a a ad\- 

(iii) There is {Fi,a)f^i an attached branching of a in such that F = 

In this case we say that {F, a) is attached. Moreover set min(F, a) = 
min(Fi,(T) and rna3c(F, o") = inax(Frf, o"). 

Definition 4.6. For a countable ordinal number a and n e N we define 
= {F c {0, if : there exists a e {0, if with (F, a) e u {0} 



Remark 4.7. It is clear that for a = 1, = for every n e N. More- 
over, for a countable ordinal number q, every result stated for up to 
Proposition 12.151 holds also for and the proofs are identical. On the 
other hand, if for n e N we denote by the convolution of Sa with itself n 
times, Proposition 12.181 can be restated as follows. 

Proposition 4.8. Let a be a countable ordinal number. Then for every 
B infinite subset of {0, 1}^ there exists a one to one map </> : N ^ with 
(j){F) e for every F e and n e N. 

Theorem 1 2 . 20 1 1 akes the following form and the proof uses the compactness 
of Sa and Corollary 12.121 

Theorem 4.9. Let a be a countable ordinal number and n e N. Then Q!^ 
is an Q-large, hereditary and compact family of finite subsets of {0, 1}^. 

In order to define the desired space X^nq , one takes the same steps as in 
the previous section. All proofs are identical. 

Definition 4.10. For a a countable ordinal number and n e N define a 
norm on cqo (2^0) in the following manner. 

(i) For n e N, we may identify an F e with a linear functional 
F : €00(2^") ^ R in the following manner. For x = Xig<2*^o ^^^^ ^ 
coo(2"°) 
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(ii) For X e coo(2^°) define 

\\x\\^ = snp{\Fix)\:Feg:} 
Set X° to be the completion of (coo(2^")) II ' 11")- 
Definition 4.11. Define the following norm on coo(2*^°). For x e coo(2^°) 

00 

ll^ll ^ II 2^"^''"^"ll'^a 

n=l 

Set X^kq to be the completion of (coo(2^°), || • ||). 

Theorem 4.12. The space ^2^^, is a non separable reflexive space with a 
suppression unconditional Schauder basis with the length of the continuum, 
having the following property. Every normalized weakly null sequence in 
has a subsequence that generates an if spreading model. 
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